1. Introduction

Let D be a diagram of a hyperbolic knot K in S3.

Remove an overpass and an underpass of D which are
adjacent. Then, we have a subgraph G of D.

Put the edge variables and dilogarithm functions on
the interior edges and corners of GG respectively.

Lis(y/x) — 7% /6 m* /6 — Liz(x/y)
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Let V(a,...,e) be the sum of these dilogarithms;
ng(a/d) — Lig(&/C) + L12<CL> — ng(l/d)
+ Lis(b/d) — Lig(b) — Lia(1/b) + Lis(e/b)
— Lisg(e) — Lis(1/e) + Lis(c/e) — Lig(c) + 72 /3.

Then, there is an ideal triangulation of M = S° \ K,
such that the hyperbolicity equations are given by

=aa—V=1n L—ajc
 0a (1—a/d)(1—a)’
Ozba—vzln (1—0)(1 —e/b)

0b (1—-0b/d)(1—1/b)’
oV (I1—a/c)(1 —c)

Ozcazln I~ c/e :
oV (1—a/d)(1—-0b/d)

V=dgg = 1 —1/d

Ozea—vzm (1 —e)d —c/e)

de  (1—e/b)(1—1/e)

modulo 27y —1Z. Let (ag, ..., eq) denote the solution
corresponding to the complete hyperbolic structure of
M and define V(a,...,e) by

Via,...,e) —alna—FBInb—yIlnc—9dInd — elne,

where

(« €) = aa—v ea—v
€)= g e -



Theorem.
—2n%cs(M) + v/ —1vol(M) = V(ao, . ..,eq) mod m°

® Potential function

li[x_] := PolyLog[2, x]
via_, b_,c_,d_,e_]:=1li[a/d] +1i[a] +1i[b/d] +1li[e/b] +1li[c/e] -
lifa/e] -1i[1/d] -1i[b] -1i[1/b] -1li[e] -1i[l/e] -1li[c] +n"2/3
® Equations and solutions
evs={a, b, c, d, e};
dv = Table[Exp[ev[[i]] Oev([i;) V[a, b, ¢, d, e]], {i, 5}] // Simplify

{ (-a+c)d d(b-e)  (-l+c)jce (a-d) (-b+d) b(c—e)}
(-1+a)c (a-d) "

b-d ' (a-¢) (c-e)' (-1+d)d " Db-e
sl = NSolve [Table[dv[[i]] == 1, {i, 5}]]

{{a—>1.06615+2.484271i, e > -1.17738+0.2509131i, b->-1.09977 +1.129451,
c—->-0.812447 -0.1731421, d - -0.0997713 +1.129451},
{a—>1.06615-2.484271, e > -1.17738-0.2509131, b>-1.09977 -1.129451,
c—--0.812447 +0.1731421, d - -0.0997713 -1.129451},

{a—-1.28146 +0.3920241, e > 0.48782-0.110495 1,

b—--0.317129 +0.618084 1, c - 1.9499 + 0.441667 1,

d-0.682871 +0.618084 1}, {a—> 1.28146-0.392024 1,
e—>0.48782 +0.1104951, b+ -0.317129 -0.618084 1,
c—>1.9499-0.4416671, d—- 0.682871-0.618084 1},
{a—-0.304778, e—-1.37912, b+ 0.8338, ¢ - 0.725102, d—-1.8338}}

Table[Im[ev[[i]] Oey[(i;; V[a, b, ¢, d, €]], {i, 5}] /. sl

{{-6.90093x10 %, -3.66199x107'%, 1.56746x10'¢,
1.34411%x10°%3, 3.31073x10° %%}, {6.90093x10° %%, 3.66199x101%,
-1.56746x107%%, ~1.34411x101%, -3.31073x10 ¢},

(0235107, =150 0045E0 S, 1., 3079350107, 3LBIISIHEE0~ 0,
-1.12598 %107 *°}, {4.0423x107%®, 1.9194x10°'%, -1.34793x107"%,
-3.31151x10°%%, 1.12598x10°**}, {0, 0., 0, 0, 0.}}

® Complex volumes
v[ia, b, c,d, e] /. sl

{11.9099 +4.12491i, 11.9099-4.12491i, 1.85138+1.10891 1,
1.85138-1.10891 1, -1.20365 - 2.22045x10 "% 1}

® Cusp torus




We prepare an ideal octahedron at each crossing of
D, where +00 denote the poles of S3.

This octahedron decomposes into 4 tetrahedra.

+T00 o,

2. An ideal triangulation of M

400

—+00

400
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Glue them at the leaves corresponding to the edges
of D. The result is S\ (K U {£oo}) = M \ {£oo}.

By contracting a leaf L below, we obtain an ideal
triangulation S of M.

E5S
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The edges of type A:

=

—

The edges of type B:




Vertex ordering
Order the vertices of each tetrahedron as follows.

o(t)=1 o(t)=—1

The orientation is consistent globally except:




3. Zickert’s formula

Fix a cusp cross section of M. Then, for an edge x
of §, the holospheres around dx can be interchanged
by an element of PSLy(C) which is conjugate to

(et 5)

and we call £(x) the edge parameter of x. Put

u(7) = Iné(703) — In&(731) + In&(712) — In&(720),
U(T) = lnf(mg) — ln§(7'23) + 1115(7'31) — lng(Tlo)

for a tetrahedron 7 of &, where 7;; denotes the edge
of 7 between the vertices ¢+ and j. If z denotes the
modulus of 7 at 751, there exist p,q € Z such that

w(t) =1n 27 4+ prv/—1,
v(1) = In(1 — 2°)) + gmv/—1.
Then, we define L(7) by

1 2
Lis(2°(M)) + 5 In 2™ In(1 — 277 —

2
Zickert’s Theorem.

Z o(T)L(T) = —2m%cs(M) + v/ —1vol(M) mod 7°



Lemma. The ratios of the parameters of the edges of
type A and B coincides with the edge variables.

b|

The parameters of the edges of type A:
b/a bce/a 1/a

The parameters of the edges of type B:

b/a bce/a
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4. Proof

In our case, T corresponds to a corner of GG and z is
the ratio of correponding edge variables. So, we can

observe p is even by Lemma, and L(7) is equal to
2

. o(r T
LIQ(Z ( )) - F
1
+ 5 {ln z°(7) +p7T\/—1} {ln(l — 27y 4 qwx/—l}
m 1
= Lia(27(7)) = = + S u(7) {U(T) +2In(1 — ZU(T))}

modulo 72. For simplicity, we put
wi (1) = ug(T)vo(7), w—(7) =u_(7)vo(7),
where vo(7) = v(7) + 2In(1 — 2°(7)) and
(1) = In&(703) — In&(720),
u_(7) =Iné(r12) — In&(731).

1%~ 41
x><y x><y
§(720) _ &(7112) £(712) _ &(720)




(1) Consider an edge e of G between overcrossings.

Then, uy(a) = uq(B) = us(y) = us(9), and
w(e) = wi (o) —wi(B) + wi(y) — w(0)
= u (a){vo(a) — vo(B) + vo(7) —vo(d)},
where vg(a) — vo(8) 4+ vo(y) — vo(d) is equal to

In&(ap2) — I &(Bo2) + In&(y02) — In&(do2)
—Iné&(aa3) +In&(Ba3) — In&(y23) + In&(d23)
+Iné(as1) —In&(Bs1) +Iné&(ys1) — In&(d31)
—Iné&(aio) +n&(B1o) —Im&(v10) + Iné(d10)

N— N N N
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+2{In(1—2)—In(1 - 2)+In(1 - £) —In(1 — 4)}.

Therefore we have

1 % oV

2 or ox

—w(e) =ui(a) - r— = —Inz-x— mod 47*
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(2) Consider an edge e of G between undercrossings.

Then, u_(a) =u_(68) =u_(y) =u_(5), and
—w— (@) + w_(8) —w-(v) + w-(0)

= —u_(a){vo(a) — vo(B) + vo(y) — vo(d)},
where vg(a) — vo(8) + vo(y) — vo(d) is equal to

—In&(Bo2) + Iné(v02) — In&(do2)
+In&(B23) — In&(y23) + In&(d23)
+Iné(asg;) —Iné&(Bs31) +Iné(y31) — Iné&(ds31)
—In&(a10) +In&(Bio) — In&(y10) + In&(d10)
+2{In(1— %) —In(1— %) +In(1 — £) —In(1 — £)}.

Therefore we have

1
—w(e) = —u_(a) aza—v =—Inz- a:a—v mod 477

2 ox ox

w(e)

ln f(&og

— In f(()é23

N— N N N
N——r N N N
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(3) Consider an edge e of G other than (1) and (2).

Then, uy (a) =uyr(8) = —u_(v) = —u_(d), and
w(e) = wi (o) —wi (B) —w-(v) + w-(9)
+(a){vo(a) = vo(B) + vo(y) — vo(d)},
where vg(a) — vo(8) 4+ vo(y) — vo(d) is equal to
In&(ao2) — In&(Boz2) +1In&(y02) — In&(do2)
—Iné&(aa3) +In&(Pa3) — Iné&(v23) + In&(do3)
+In&(az1) —In&(B31) +1né(y31) — In&(d31)
—Iné(a19) + In&(B19) — Iné&(y10) + In&(d10)
+2{In(1—2)—In(1 - 2)+In(1 — Z) —In(1 — £)}.

X

N’ e N N
N’ e N N

Therefore we have

1
—w(e) = uy () :ca—v =—Inz- xa—v mod 472,

2 ox ox



14

5. Deformations

We can deform V (a,...,e) so that a solution to
ov. oV oV oV oV
v —1
50 "an Cae Yaq Cae SV

corresponds to a non-complete hyperbolic structure of
M. In fact, such V(a,...,e;m) is defined by
Lis(a/d) — Lis(a/c) + Lis(a/m) — Lia(1/dm)
+ Lis(b/d) — Lig(bm) — Lis(1/bm) + Lix(e/bm)
— Lisg(e) — Lis(1/e) + Lis(c/em) — Lia(c/m) + 72 /3
+2lnm (Inb+Inc+Ine+ 3Inm),

where m, 1/m are the eigenvalues of the holonomy of
the meridian of K. Furthermore,

m@_V Cn (I —a/m)(1 —bm)(1—>b/em)(1 —c/em)

om (1—-1/dm)(1 —1/bm)(1 —c/m)
+2Inb+2lnec+2lne+12Inm

equals —21n /¢ modulo 27+v/—1Z, where ¢,1/¢ are the
eigenvalues of the holonomy of the longitude.
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Neumann-Zagier-Yoshida theory

Let a(m),...,e(m) be the geometric solution to

ov. oV oV oV oV
8a,b8b,cac,dad,68€EQWV—lZ.

a

Then,
®(m) =V(a(m),...,e(m);m)
—alna(m) —---—€elne(m) — pulnm

is the potential function of Neumann-Zagier, where

6m] (a,...,e,m):(ao,---,6071)

Furthermore, suppose there exists a pair k = (p, q)
of coprime integers such that m = m, satisfies

p-2lnmg +q-2Infl(m,) =27V —1.

Topologically, the completion M, of M is the result
of (p,q) Dehn surgery on K.

Yoshida’s Theorem. Define f(m) by
f(m) =®(m) +1Inm Inl(m).
Then, if p* + q* s sufficiently large,
I f(my.) = vol (My) + 5 - length(,),

Re f(m,) = —92712%cs (M) — g - torsion (v, ),

where v, = M, — M.
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Complex volume of M,
Define Hi(a,...,e;m) by
Via,...,e;m) —alna—---—elne— plnm
N Inm (2mv/—1 — plnm) + s7?

q
where s is an integer satisfying ps = 1 mod ¢. Then,

OH, oV +27T\/—1—p-211(1m

Y

om om q
~ 2my/—1—p-2lnm—q-2Inl(m)
- q
and so (a(mg),...,e(my), my) is a solution to
0H, 0H, O0H,
“oa T “oe :mam:().

On the other hand, Im H,(a,...,e,m) is equal to
D(a/d) — D(a/c) +--- — D(c/m)

+ In|a|I O +In|e|I aH’“’“H\ 1 O,
n |a| Im -+ In|e|Im n|m|Im

Oa Oe om
where D(z) = Im Lis(2) + In|z|arg(1 — 2).

Theorem. If p? + ¢? is sufficiently large,
H,(a(mg),...,e(my);mg)
18 equal to
—2r%cs(M,,) + vV —1vol(M,,) mod 7°.
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Proof. It suffices to show
fimy) — He(a(my), ..., e(mg); myg)

— WF {—27"torsion(,) + v/—1length(v,)} .

In fact, the left hand side is equal to

Inm, (2rv/—1 — plnm,) + sm?
q
Inm, {27v/—1 —plnm, — qInl(m,)} + sm?
q

Inm,Inl(m,) —

™ —1lnm, + sm?

q
and the right hand side is equal to

/=1

Ar-2lnm, +s-2Inl(my)}

2
_W\/jl gr - 2Inm, + s(2mv/—1—p-2Ilnm,)
=5 .
—1 27‘(‘8\/_ 2Inm,
2 q ’

where r is an integer satistying ps —qgr =1. [



