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We use quandles to study representations of knot groups into

some group. (e.g. into PSL(2,0))

Quandle homology is a useful tool to construct a conjugacy

invariant of the representations.

We apply these to PSL(2,C)-representations of a knot com-
plement. As a result we obtain a diagrammatic description of

extended Bloch invariants.
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Quandle

T he definition of quandles was given by Joyce in 1982.

A quandle X is a set with a binary operation * satisfying

1. xxx =« for any z € X,
2. there exists an inverse of xy : X — X, (denote it by *_1y,)

3. (zxy)*xz=(x*x2)*x(y*xz2) for any z,y,z € X.

Example

A group G has a quandle structure by conjugation z xy =

y_lxy.



Relation with quantum invariants

The map ¢ : X x X — X x X defined by T

(z,y) — (y,z *xy) is a (set theoretic) Yang- \
Baxter solution, i.e. satisfying the following

relation: az*y

(¢ % id)(id X ¢)(cx id) = (id x ¢)(c x id)(id x ¢)
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Arc coloring

Let D be a diagram of a knot K.

A map A : {arcs of D} — X is called an arc coloring if it

satisfies the following relation at each crossing.

X * Y

>y x,y and xxy € X




Arc coloring of the figure eight knot

AN

cxa=d,
axc=>b,
axb=d,

cxd=>.



Arc coloring of the figure eight knot

. d
cxa=d,
b . a* c=b,
axb=d,

cxd=>.



Arc coloring of the figure eight knot

cxa=d,
axc=>b,
a*xb=d,

cxd=>b.

7-b



Arc coloring of the figure eight knot

. d
cxa=d,
b . axc=>b,
axb=d,

c x d=b.



Associated group

1

For a quandle X, define the group Gx by (x € X|zxy =y~ ~zy).

This is called the associated group of X.

An arc coloring by X gives a representation 71(S3\ K) — Gx
which sends each meridian to its color. This is a consequence

of the Wirtinger presentation of a knot group.

T *Yy = y_liEy

>y




Let P be the set of the parabolic elements of PSL(2,C). This
has a quandle structure by conjugation zxy = vy~ lzy. As we
have seen, an arc coloring gives a representation 71(S3\ K) —

Gop.

Since there is a natural surjection Gp — PSL(2,C), this in-
duces a representation 71(S3\ K) — PSL(2,C) which sends
each peripheral subgroup to a parabolic subgroup of PSL(2,C).
We call such a representation parabolic representation. A typi-
cal example is a discrete faithful representation of a hyperbolic

knot complement.



Quandle homology

Let CI(X) = spanZ[GX]{(:cl, ...,xn)|x; € X}. Define the bound-
ary operator 9 : CL(X) — CIt [ (X) by
n ) .
O(x1,...zn) = > (=1){(z1,..., T4 ..., Tn)
i=1
— CEi(CE]_ ¥ Lgy ooy Lyg—1 * gy Lit1,- - - 73777/)}

Let M be a right Z[G x]-module. The homology group of
M ®z16. Cii(X) is called the rack homology HzI(X; M).

10



Factoring degenerate chains, we also define the quandle ho-

mology HZ(X; M).

Let
Cy (X) = spang g {(e1, ..., zn)|z; € X,

r; = x;41(for some 7)}.

This is a subcomplex of CL(X). Let G,?(X) be the quotient
CHH(X)/CP(X). The homology of M ®zq C9(X) is called
the quandle homology Hq?(X; M)
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Geometric interpretation

%y z %y 9y
s,
Yy Y — Y Y
T g g g
5
g(x,y)
—g(y) + gz(y)

+g(z) — gy(z *y)

i:l(—l)i{(a:l, e Tgy e, X))

— X (T % Tjy oo Ty 1 F Ty Tid 15+ - -5 Tn) }
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Geometric interpretation

((z xy) * 2)

: A EIA

A —=
2! z =
z
L EERY 4 z 2
s o Yy T *xy Y
Y Yy 9y
g Y
L g gz
Yy
9(z,y,2) .
g

—g(z,y) + gz(z * 2,y * 2)
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Geometric interpretation

((z xy) * 2)
* 2
. TEZ
Y * 2 Y * 2
@
Z z o
,I___x__*__,y_< _________ z
P . T *Y
1y Y 9y
‘ x
x g J
Yy
9(z,y, 2) .
g

—g(z,y) + gz(z * 2,y * 2)
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Geometric interpretation

((z xy) * 2)

((z*xy) * 2) / § y*/z/
: Tz
Y * 2 Y * 2

A —

z

/,'___x__*__y_< _________ zZ

z Y J
o /FTy Y

// g

T g gz

Yy
9(z,y, 2) -
g

—g(z,y) + gz(z * 2,y * 2)

13-b



Geometric interpretation

((z xy) * 2)

((z xy) * z)

Y * 2 Y * 2

R auing 4 4 o ___ z %z
z z Y Ty i
Y Yy 9y
g
L g gx
9(z,y, z)
g

—g(z,y) + gz(z * 2,y * 2)



Region coloring

Let D be a diagram and A be an arc coloring by X. A map

D : {regions of D} — X is called an region coloring if it satisfies

the following relation:

dh >y x,y and xxy € X

A pair S = (A,R) (A:. arc coloring, R: region coloring) is

called a shadow coloring.

14



Shadow coloring of the figure eight knot

1 ro*xaq =1T1, T3%*C=To,
r3*xa =r1rygq, Toxb=rg,
d
a rg *x d = rg,

15



Shadow coloring of the figure eight knot

r1 To*x A= T1, T3%*C=To,

r3*xa =r1rygq, To*xb=rg,

d
a rg * d = rg,

15-a



Shadow coloring of the figure eight knot

r1 rToxa =171, T3*C=To,
r3*xa =r1rygq, To*xb=rg,
d
a rg *x d = rg,

15-b



Shadow coloring of the figure eight knot

1 ro*xaq =1T1, T3%*C=To,
r3*a=ryg, To*xb=rg,
d
a rexd=r
T2 Ta

15-c



Shadow coloring of the figure eight knot

r1 ro*xaq =1T1, T3%*C=To,
r3*a —rTy4, 7“2*1):7“5,

rs *x d = rg,

15-d



Shadow coloring of the figure eight knot

r1 ro*xaq =1T1, T3%*C=To,
r3*xa =r1rygq, Toxb=rg,
d
a re x d=r
T2 T4
b C
s

e

15-e



Shadow coloring of the figure eight knot

e

rTo*a —1Tq, r3* C = T9,
r3*xa =r1rygq, Toxb=rg,
rs * d = g,

Other relations are auto-

matically satisfied by the re-

lations of arc colorings:
ra*xd =11, T4%cC=r5,

r1 % b =rg

15-f



Remark

If we fix a color of one region, then the colors of other regions

are uniquely determined.

Region colorings give no information on the representation of

knot group, but it plays an important role to compute volume
and Chern-Simons.
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Cycle [C(S)] associated with a shadow coloring

A quandle X itself has a right G xy-action defined by
zx (xtz? .. 25) = (. (@1 2q) %52 25) .. L) 5 oy,

So the free abelian group Z[X] is a right Z[G x]-module.

Let & be a shadow coloring by a quandle X. Assign

Yy
+r® (x,y) for and —r®(x,y) for 7

Let

CE) = Y ere® (me,ye) € CL(X; Z[X]).

c.Crossing

17



Example: C(S) for the figure eight knot

r1

T3
c(S) =

r3® (¢,a) +r3® (b, ¢)
s —ra2® (a,b) =14 ® (¢, d)

T2 Ta
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Example: C(S) for the figure eight knot

1
. BN
r3
T2 Ta
b c
rs

C(S) =
r3® (c,a) +r3® (b, c)
— 1 ® (aab) — T4 & (Cad)

18-a



Example: C(S) for the figure eight knot

r1

r3

T2 Ta

C(S) =
r3® (c,a)+r3® (b, c)
—7“2@(&,[)) _T4®(Cad)

18-b



Example: C(S) for the figure eight knot

r1

r3

T2 Ta

C(S) =
r3® (c,a) + r3® (b, c)
—ro® (a,b) —ra ® (c,d)

18-c



Example: C(S) for the figure eight knot

r1

r3

T2 Ta

C(S) =
r3® (c,a) + r3® (b, c)
—ro® (a,b)—rs ® (c,d)

18-d



C(S) is a cycle. The homology class [C(S)] in H?(X;Z[X]) is
invariant under the Reidemeister moves. The invariance under

the Reidemeister III moves is shown in the following figure.

x Y z

\
xz\yz

z yxz (x*y)xz

o(r @ (z,y,2)) =(r@(z,y) +r*xy@ (@*y,2) +r® (y,2))
—(r(@,z2))+r*xx(y,z)+trxzx(x*xz,y*xz))
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We can show that the homology class [C(S)] does not depend
on the region coloring. Moreover it only depends on the con-
jugacy class of the representation m1(S3 \ K) — Gx induced

by the arc coloring. When X = P,

Proposition the homology class [C(S)] in H?(P,Z[P]) only
depends on the conjugacy class of the parabolic representation
71(S3\ K) — PSL(2,C) induced by the arc coloring A.

20



Simplicial quandle homology H2(X)

Let C2(X) = spany{(zgq,...,zn)|z; € X}. Define the boundary
operator 9 : CA(X) — C2 {(X) by

n .
Nz, ..., xn) = > (—1)(zqg,..., %5, ..., Tn).
1=0

CA(X) has a natural right action by Z[Gx]. Denote the ho-
mology of C&(X) Q716 <] L by HA(X). We can construct a

map
HE(X; Z[X]) — HR 1(X)

n

in the following way:

21



n—=2

o (zy) oAy r*(xy) x*vy
/ /%/@
Tk X
r@(fl?,y) /
D p
i r*y
rx(zy)~L > ] kY
p_J :
y /Y
T *x X X r

(pa’rax)y) o (p,r*x,x,y)
—(p,?“*y,x*y,y)—l—(p,?“*(my),m*y,y)
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r* (zyz) xx*(yz) 7*(yz)

Y * 2 i Yy *xz
r* (x4 L *Z
7 N r*Zz —
- -
r* (xy) x*y
-------- N U rxuy
/ﬁy y

T x X X T

r® (z,y,z) — (p,r,z,y,2) — (p,rxz,z,y,2) — (p,r*y, T, T*x7Y,2)
—(p,rxz,x*xz,y*xz,2)+ (p,7r*x (xy),x *y,y, 2)

+(p,r* (xz),zxz,y*xz,2) + (p,r*x (yz),x* (yz),y * 2, 2)
—(p, 7 x (zyz),z x (yz),y * 2, 2)
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For general case, let I, be the set of maps ¢ : {1,2,--- ,n} —
{0,1}. Let || denote the cardinality of the set {k | (k) =
1,1 < k <n}. For r® (z1,20, - ,zn) € CE(X:Z[X]) and

L € I, define
r(0) = rx (24?2t
2(1,8) = @ (@i (T U2y
Fix p € X. Define ¢ : C;H(X; Z[X]) — C2 1 (X)gy by
o(r® (z1,22, -, 2n))
= Y (DM@, r@), 2, 1),2(,2), -+, 2(:, n)).

LEIn

24



Theorem ¢ : CR(X;Z[X]) — C 1(X)¢, is a chain map.

Proof.
P p
r*x(x T * T ox
(zy) Yy Y r*(my)/. _________ > Tk Yy
y y —_— -y/
o P / ’

25



Theorem o : CR(X; Z[X]) — C& 1 (X)g, is a chain map.

Proof.
D cancel D
rx(zxy) T*xy Ty rx (zy) % ) rx(zy) T*xy r*y
Yy Y — .y// "
e P
r* T x T r*r X T Tk T x r

V? V?

/ /7%

25-a



The map ¢ induces a homomorphism

HE(X; ZIX]) — HE 1 (X).

n

So we can construct a quandle cocycle from a cocycle of
HZ2 1 (X). If we have a function f from X**1 to some abelian

group A satifying

1. Zi(—l)if(xo,. ey Ly ,Clik_|_1) = 0 and

2. f(xog,---,zk9) = f(x0,...,71) and
3. f(zo,...,zx) =0 if x; = x;4.1 for some ¢,

then f gives a cocycle of HkA(X) and a cocycle of H,?_l(X; 71X]).

26



Most of important quandles have homogeneous presentations
K\G by some group G and a subgroup K < G. When X is
given by a symmetric space K\G, G-invariant closed k-form on
K\G gives rise to a function satisfying the above conditions by
integrating the form over geodesic k-simplices. For example

the volume form on H" is such a form.

Theorem The n-dimensional hyperbolic volume is a quan-

dle cocycle of the quandle formed by parabolic elements of

Isom™ (H™).

27



We further study three dimensional case. In this case, Chern-

Simons invariant is also a quandle cocycle.

We will construct a map from H3A(7>) to the extended Bloch

group B(C) along with the work of Dupont and Zickert.

28



Quandle structure on c?\ {0}

Define a binary operation % on C2\ {0} by

(1) (2) = (8™ k) ()

This satisfies the quandle axioms. Define a map C2\{0} 21 p

T\ 1l —xy —z2
y e

This map induces a quandle isomorphism (C2\ {0})/+ &£ P.

by

29
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Dupont and Zickert’s work

Let Cr(C2?) = spany{(vg,...,vn)|lv; € C2\ {0}}. Define the
boundary operator of C,,(C?2) by

n .
d(vg,...vn) = > (—=1)(vg,...,U5...,0n).
1=0

They defined a map from C3(C2) to the extended pre-Bloch
group 7/5((:) by sending (Uo,vl,vg,vg,) to (wo,wl,wg) ~ 7/5((:) (a
combinatorial flattening) where

wo = Log det(vo, ’03) + Log det(’Ul,UQ) — Log det(’Uo, ’02) — Log det(vl, U3),
w1 = Logdet(vg,vs) + Logdet(wvy,v3) — Logdet(vg,v1) — Logdet(vs, v3),
wp = Logdet(vg,v1) + Logdet(vs,v3) — Logdet(vg,v3) — Logdet(vy,vs).

30



Theorem (Dupont-Zickert) The above map induces a ho-

momorphism

H3(C*(CQ)PS|_(2,@)) — B(C)
Remark In this talk we do not discuss ‘“degenerate” tetra-

hedra, for simplicity. In the original paper, they studied for
SL(2,C) not PSL(2,C).
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Since P £ (C2\ {0}) /£, CA(P) is nearly equal to C«(C?). So

we can “construct” a map from H(P) — B(C).

Theorem Thereis a homomorphism
HS(P; Z[P]) — B(C).

The image of [C(S)] by this map gives the extended Bloch

invariant of the parabolic representation.

Our work is based on the quandle homology theory, but we

do not use it for actual calculation.
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Example: Arc coloring of the figure eight knot

This is the figure eight knot.

33



Example: Arc coloring of the figure eight knot

Color two arcs.

33-a



Example: Arc coloring of the figure eight knot

‘
Consider the relation at a
<ﬂ crossing.

33-b



Example: Arc coloring of the figure eight knot

33-c



Example: Arc coloring of the figure eight knot

( 1 ) Consider the relation at an-

other crossing.

33-d



Example: Arc coloring of the figure eight knot

33-e



Example: Arc coloring of the figure eight knot

T he relation at this crossing
1 :
() o)
0 —t
(0) (av'o) =)
) AN
t(1+24+t%))
2 t+1D)E°—t+1)=0
* tt2+t+1)2—-t+1)=0

( —t ) t2_t4+1=0

o+

33-f



Example: Arc coloring of the figure eight knot

T he relation at this crossing

-
)\ ) (e

t24+t+1=0
t(t2+t+1)=0

( —t ) Lt 4t+1=0

33-9



Example: Arc coloring of the figure eight knot

There are two relations
t?4+t+1=0 t°—t+1=0

which do not have any common solution. But we have a
: 2 ~ L1436 1—+/3i
coloring by (C<\ {0})/£ =P (t = =5 or £=3~).
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Example: Arc coloring of the figure eight knot

A parabolic representation
( 1 ) can be obtained by the map

T\ 1l —xy 2
J —y2 14y

34-a



Example: Arc coloring of the figure eight knot

o

A parabolic representation

2) can be obtained by

x 1l —xy 2
— 2

Yy -y 14y

1+ ¢% 4t t2
—t?(1+t>)? 1 —t>—t*

34-b



Example: Arc coloring of the figure eight knot

34-c



Example: Region coloring of the figure eight
knot

Put a region color at a region

oo (1)

B4

35



Example: Region coloring of the figure eight
knot

1
(o) The color of an adjacent re-
gion is determined by the re-

lation.
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Example: Region coloring of the figure eight
knot

0) ‘The color of an adjacent re-
gion is determined by the re-

lation.
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Example: Region coloring of the figure eight
knot

The color of an adjacent re-
gion is determined by the re-

lation.

38



Fix an element pg of C?\ {0} e.g. pg = (;)

/

At a corner colored by / Y
T

(z < under arc, y < over arc), we let

__det(pg,y) det(r, x)

* T det(r, y) det(po, x)
pmi =Log(det(pg,y)) + Log(det(r,x))

— Log(det(r,y)) — Log(det(pg,z)) — Log(z)
qri =Log(det(pg,r)) + Log(det(r,y))
— Log(det(pg,r)) — Log(det(z,y)) — Log(

1
1l — 2z
where Log(z) = log |z| +iarg(z) (—m < arg(z) < )

)
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We remark that p,q € Z.

Then define the sign in the following rule:

AN AN AN
NN N N

(in-out or out-in) (in-in or out-out)

40



T heorem

Z 56[26; Pc, C_Ic]
c.corners

IS the extended Bloch invariant.

Let L : B(C) — C/w?Z be the Rogers dilogarithmic function
defined by Neumann. When the arc coloring corresponding

to the faithful discrete representation of a hyperbolic knot K,

then we have

> eeL(ze pe, qe) = i(Vol(S3\ K) +iCS(S>\ K)).

c.corners
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