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1. Introduction

B quandle
e an algebraic system

e homology theory

B hyperbolic volume (of 3-manifolds)

e hyperbolic geometry
e cohomology class of H?(PSL(2;C); R).

We will show that hyperbolic volume is a quandle 2-cocycle.

Further, we will show that the quandle 2-cocycle gives us a criterion

for determining invertibility and amphicheirality of hyperbolic knots.
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2. Preliminaries

Definition (quandle)

X : a non-empty set,

x: X x X — X a binary operation.

(X, ) : a quandle

& & satisfies the following three axioms:
Q) "z e X, zxx=u.
(Q2) "y e X, xy: X — X (z— x*y) a bijection.
(Q3) "z, y,z € X, (x*xy)* 2= (T x2)* (y*2).
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Example (conjugation quandle)
G : a group,
X C G : a subset closed under conjugations.

Yo,y € X, vxy =y tay.
Q) "z e X, zxx=alaz =1
(Q) Yy, ze X, reXst.axy=2 (x=yzy ).

(Q3) "x,y,z € X,
(wxy)xz =2y "ay)z = 2"y layz,

(x*2)* (y*2z)=(z"ty2) "Nz w2) (27 yz) = 27ty oy,
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Definition (associated group)

X : a quandle.

Gx =(reX|zrxy=y'ay ("z,y € X))
: the associated group of X.

More precisely,

F(X) : afree group generated by the elements of X,
N(X) : a subgroup of F(X) normally generated by

y oy xy)t (Try € X).
Gx = F(X)/N(X).

A. Inoue (Tokyo Tech.) Quandle and hyperbolic volume January 14, 2010 5/27



X : aquandle, Y : a set equipped with right action of G x.
K : an oriented knot, D : a diagram of K.

Definition (shadow coloring)

e A:{arcs of D} — X an arc coloring
z y
AN

AN

T*Y

def - o :
& A satisfies the condition at each crossing.

e R : {regions of D} — Y a region coloring

z

T
def - .
& R satisfies the condition / around each arc.
rar

e S:=(A,R): ashadow coloring.
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A finite sequence of Reidemeister moves transforms a shadow
coloring S into a unique shadow coloring S’.

Therefore, the multi-set
{S : a shadow coloring of D w.r.t. X and Y }

does not depend on the choice of a diagram D of K.

Using quandle 2-cocycle, we can refinement this set.
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Quandle homology

X : a quandle.
CH(X) = SpanZ[GX]{(xla T, xy) € XM}
Define 0 : CE(X) — CE (X)) by

n

Ay, -, xy) = Z(—l)i{(-ﬁw“ Ty @)

=1

—Ii(ﬂh K Lgy o 3 Lj—1 X Ty, Tig1, "7 7$n)}

~ (CF(X),0) : a chain complex.
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CE(X)= spanZ[GX}{(xl,xg, ceex,) € XM}
U
CP(X) := spangg {(x1, 22, -, 2n) € X" |71 8.t 2 = w441}

CR(X) = CHX)/CP(X).

n

Definition (quandle homology group)
M : a right Z|G x]-module,
CQ(X; M) := M ®zic5 CE(X).

HQ(X; M) := H,(CP(X; M)) : the quandle homology group.

Definition (quandle cohomology group)

N : a left Z|G x]-module,

C3(X; N) := Homgg,)(CE(X), N).

Hj(X; N) :== H*(CH(X; N)) : the quandle cohomology group.
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Remark

X : a quandle,
Y : a set equipped with a right action of G,
A : an abelian group.

~ Z[Y] : a right Z|G x]-module,
Hom(Z[Y], A) : a left Z|G x]-module.

~ HEZ(X;Z[Y]), Hy(X; Hom(Z[Y], A)).
Define (, ) : H3(X; Hom(Z[Y], A)) ® HY(X;Z[Y]) — A by

(fir @ (x1, 29, ,x,)) := fx1, 29, ,2,) (7).
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X : aquandle, Y : a set equipped with right action of G x.
K : an oriented knot, D : a diagram of K.

Definition (shadow coloring)

e A:{arcs of D} — X an arc coloring
z y
AN

AN

T*Y

def - o :
& A satisfies the condition at each crossing.

e R : {regions of D} — Y a region coloring

z

T
def - .
& R satisfies the condition / around each arc.
rar

e S:=(A,R): ashadow coloring.
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S : a shadow coloring of D w.r.t. X and Y.
c(S) = Z +r @ (z,y) € CL(X;Z[Y]).

crossings
T*y v
ray Ty ry rT T T
ray *T ry re 1 T
_T—T_> y — Yy Y ‘ﬁ_ Yy — vy y
c c
re T rey Y
re T T rry T*y ry
£ Txy
positive crossing +r @ (z,y) negative crossing —r® (z,y)

Proposition (Carter-Kamada-Saito '01)
C(S) € C(X;Z]Y]) is a cycle.

4

Definition (fundamental class)

[C(S)] € HY(X;Z[Y]) : the fundamental class of S.
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Theorem (Carter-Kamada-Saito '01)

S, 8’ : shadow colorings related with each other
by Reidemeister moves.

= [C(8)] = [C(S)]-

A : an abelian group.
0 € C3(X;Hom(Z[Y], A)) : a cocycle, fix.

Then the multi-set

{{[0],[C(S)]) € A| S : a shadow coloring of D w.r.t. X and YV }

does not depend on the choice of a diagram D of K.

We call the multi-set a quandle cocycle invariant of K.
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3. Hyperbolic volume is a quandle 2-cocycle

K : an oriented knot in S3,
N(K) : aregular n.b.h.d. of K.
p€ S\ K fix.

Q(K) := {z : a path from p to N(K)}/homotopy.

p
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Q(K) is a quandle with [z] x [y] := [z *xy] ("[z], [y] € Q(K)).

We call Q(K) the knot quandle of K.
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g€ S®\ K fix.
Z(K) :={r: a path from p to ¢}/homotopy.

Gow)(=m(S*\ K)) acts on Z(K) from the right.

p p
. / /
( )BI/QGGQ(K) _> / TgEZ(K)
\ \
q q
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K : an oriented hyperbolic knot in S?,

U :H3? — S3\ K the universal covering.

p e v l(p) fix.

We have a map Q(K) — OH?3 which z — 2.
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re Z(K), "z,y € Q(K),

we can construct an oriented tetrahedron A(p, 7(1), Too, Yoo )-

Too

|
A(ﬁ? ?(1)7 Too, ?Joo))
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U(A(p, (1), Zoo, Yoo))
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re Z(K), "z,y € Q(K),

xTxy T
A A
rTy < Ty rr < r
: - T 2
re .| r TTY | Ty
z Tr*y
positive crossing negative crossing
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2

AP, 72(1), Yoo, Too))
vol : Q(K) x Q(K) — Hom(Z[Y],R)
" vol(z,y)(r) =
algvol(A(p, 7(1), Zoo, Yoo )
+ algvol(A(p, 72(1), Yoo, Too))
/ +algvol(A(p, 77y(1), (% * ¥)oos Yoo))
X + algvol( A, FH(1) Yoo, (2 * 3)oc))

VAP, rzy(1), (2 * Y)oos Yoo))

o

\

(AP, 7Y(1), Yoo, (z * Y)oo))

vol € C3(Q(K); Hom(Z[Z(K)],R)) is a cocycle.
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K : an oriented hyperbolic knot in S3.
vol € C3(Q(K); Hom(Z[Z(K)],R)) the above cocycle.

K' : an oriented knot in S?,
D’ : a diagram of K'.

VS : a shadow coloring of D' w.r.t. Q(K) and Z(K),
Ifs:S3\ K’ — S3\ K a continuous map s.t.
([voll, [C(S)]) = deg(fs) - vol(S® \ K).
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Outline of the proof
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Outline of the proof

A. Inoue (Tokyo Tech.) Quandle and hyperbolic volume



4. Invertibility and amphicheirality of hyperbolic knots

K : an oriented hyperbolic knot in S3.
vol € Z5(Q(K); Hom(Z[Z(K)],R)) as above.

Proposition
K =Kor — K,
D’ : a diagram of K'.

VS : a shadow coloring of D' w.r.t. Q(K) and Z(K),
([vol], [C(S)]) = £vol(S? \ K) or 0.

Proposition
D : a diagram of K.

38 : a shadow coloring of D w.r.t. Q(K) and Z(K) s.t.
{[vol], [C(8S)]) = vol(S3 \ K).
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K : an oriented hyperbolic knot in S3,

D : a diagram of K, —D : a diagram of — K.
(i) 3S : a shadow coloring of D w.r.t. Q(K) and Z(K) s.t.
([vol], [C(S)]) = —vol(S° \ K)
& K is negative amphicheiral (i.e. K = —K*).
(i) S : a shadow coloring of —D w.r.t. Q(K) and Z(K) s.t.
([vol], [C(S)]) = vol(S° \ K)
& K is invertible (i.e. K = —K).
(ii) S : a shadow coloring of —D w.r.t. Q(K) and Z(K) s.t.
([vol], [C(S)]) = —vol(S° \ K)
& K is positive amphicheiral (i.e. K = K*).
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