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Introduction

Conjecture (Volume conjecture of Kashaev invariant)
_ log [(L)n]
I(L) =2m | —
vol(L) = 2 fim =N

where L is a hyperbolic link, vol(L) is the hyperbolic volume, (L) is the
Kashaev invariant.

Conjecture (Complexified volume conjecture)

i(vol(L) + ics(L)) = 2mi lim % (mod 72),

N—oco

where cs(L) is the Chern-Simons invariant of the cusped manifold S3\L.

v
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Introduction

Theorem (Yokota)
For a hyperbolic knot K,

vol(K) = Im {27ri o—limIOg<TK>N} .

N—oo

Theorem (Yokota, to appear)
For a hyperbolic knot K,

i(vol(K) + i cs(K)) = 2mi o—lim% (mod 7).

N—oo
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Introduction

Theorem (H. Murakami and J. Murakami(2001))
For a knot K,

o = o (Kioo5))

where Jy(K; u) is the N-th colored Jones polynomial of the knot K
evaluated at u € C.

Theorem (Ohnuki(2005))
For a two-bridge knot K,

vol(K) = —Im {27ri o-lim—2 7N (K exp()) } .

N—oo N
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Introduction

Let T, (n > 3) be the twist knot with n+ 2 crossings as below.

N e

2 3\—- n-1 n n+1
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Main Theorem

Let g := exp(%) for an integer N > 2.

Conjecture (Volume conjecture of colored Jones polynomial)
For a hyperbolic link L,

| L;
i(vol(L) + ics(L)) = —2ri ?V.nm%('q) (mod 72).

Theorem (Cho and J. Murakami(2010))

For a twist knot T,,

| Th;
i(vol(Tp) + ics(Ty)) = —2ni %.nmw (mod 72).
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1. Colored Jones polynomial
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Definition of U,(sh(C))

The quantum group Uy(sh(C)) is a finite dimensional algebra over C with
generators X, Y, K, K1 and relations

KK1=K1lK =1, KX = q'2XK, KY = q /2 YK,
XY =YX = Jitnm, XN =yN =0, KW =1
Uy(sh(C)) has a Hopf algebra structure by

AX)=X0K+K1aX, AY)=YK+K oY,
A(K:Izl) — K*1 ® Kil,
S(X) = —q2X, S(Y) = —q V2V, S(K*) = K71,
eX)=¢(Y)=0, e(Kt) =1

where A is the comultiplication, S is the antipode and ¢ is the counit.
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Representation of U,(sh(C))

Let V' be the r-dimensional vector space over C with basis
qk/2 k/2
{eo, €1,...,e—1} for r < N. Also let [n] := 1/27"71/2 for a nonnegative

integer n. Then we define the action of U, (slg(C)) by

S U+1]ej+1 ifj<r—1,
X-g = {0 ifj=r—1,
o [j]ej_l ifj>0,
Yo = {0 if j =0,

K.g = gl>(Dig

Therefore V" becomes an irreducible U, (shk(C))-module.

Because Uy(sh(C)) is a Hopf algebra, (V")* and V" @ V" also become
L{q(slg( )) modules. We put the dual basis of (V")* to be
{e%el,. .. et
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R-matrix

Let [n]! := [n][n — 1] ...[1] and [0]! := 1. The element

Z 1/2 1/2) (7= (ab—an+bn+”)/4XnKa @ Y"K®
TN [”]'

in Ug(sh(C)) @ Ug(sh(C)), where the sum is over all 0 < n < r and
0 < a,b < 4r, is the universal R-matrix for Ug(sh(C)).
For vectors v € V" and w € Vr/, we define module homomorphisms

Plveaw) =w®v,
Rvow)=PR-v®w).

Then
(R®id)(id ® R)(R®id) = (id ® R)(R ®id)(id ® R)

holds, i.e. Yang-Baxter equation holds.
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Elementary tangle diagrams with operations

AKX~

I R L N U

1100
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Example with 5, knot
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Operator invariant of tangle diagrams

Coloring of each arcs :

Vr

V"

R

vie (VY ey

Assign the following functions to each elementary tangle diagram

| id, R R, L R-1
Ne—— E, me— Ejo, L N, wNK_Z

where E(f @ x) = f(x), Ex2(x ® f) = f(K? - x), N(1) = Ejej®ejand
Ni—2(1) =3 @ (K2 ¢).
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Example with 5, knot

- Eo

(ide E@id) o

(id2ide R) o
(idoide R)o

C(ido Rt aid)o

C(do R taid)o

(id® R @id)o

 (Nk2® Ng2) e C
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Colored Jones polynomial
Let T be a (1,1)-tangle with color V". Then, by Schur’'s Lemma

1V

T — C'idvr

T

for some constant ¢ € C, and

T

— c[r] e C
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Colored Jones polynomial

Vr
/
= J, (52;q) - idys
J/

0

For 2 < r < N and a (framed) link L, J, (L; q) is called the r-th colored

Jones polynomial.
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Calculation of colored Jones polynomial

J k J k J k
U , Imm, /\/\m , Xm , ... be the complex

numbers satisfying

U (1) = Z jUkej ® ek, m (¢! @ em)= mm
x e ® em) Z IX:@ek,

X e em Z/X:@e
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Calculation of colored Jones polynomial

Let (q)x := an:l(]' — g™) for a positive integer k, and (gq)o := 1. Then

J k

U : 5j,kqj_(N_1)/2. m : 5/,mq_’+(N_1)/2,

/ m
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Calculation of colored Jones polynomial

J k
SOk (a); (9 (1YL 24
©(9)n(9)i(q)m
/ m
J k 1
om0kl (9)i(9) (_1)k+m+1qkm+(k+m)/2+(N2+1)/4’

X\'X'X'

—
-

)i(@)x (1)1 gkm— (et m) 2=(N+1) /4

L OOl ke h e
! @n(@);(@)m
/ m
’ “ (‘)‘ (@)«
q); (g .
: 0j,m—hOk l+h—( 1Y+ G-+ /2=(NP+1)/4
a @n(@(@)m"

/ m
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Calculation of colored Jones polynomial

—
-

—\—1/=y\—1
(@); (@) (=1 Ht L grik—(rm) 2= 1) /4,

D Ok, —hOm j+h— —
P @n@)  @)m
/ m
J k
6/1( h(s m_"_hm -1 /+m+1q—/m—(j+k)/2_(N2+1)/4
P (@) n(9) (@) m ’

3

—
-

(9)i(9)« I+-mt1Im (k) /24 (N2+1) /4
) Om i—p—— e —(—=1)'Tm m ,
kithmi-higy an(@m D4

-~

X'\'X'X'

3

—
-

1/ N—1
(q)j p (_1)j+k+1qik+(/+m)/2+(N2+1)/4_

(@)n(q);  (q)m"

© 01 k+h0j,m—h

3
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Example of Jy(52; q)

Consider the non-degenerate state of the 5, knot diagram.

Jinseok Cho (Waseda University) Colored Jones polynomial January 15, 2010 22 / 54



Example of Jy(52; q)

. qkl_k3+%
N — ki + k3
N — ky + k3 0
_ 2
\/ (Co-kh g
0 N — ki + k3
0 N — ki + k3
\ A DN—kq 4 Nekit1 Nk N1
N— ki ks
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Example of Jy(52; q)

N—k+k3 N — k

N

ko — k3 ko
ky — k; ko

AN
N

k3 0
k3 /0
0 k3

Jinseok Cho (Waseda University)

(@ ko —k3 (D),

' (ﬁ)k2+k1—k3—N(CI)N—kl+k3(G)N—zkl
2kp—k3 | N°+1
X(_l)k3+1q_k1k2+T+T

EQ)kz( 1)k3+1q 2k k3+N +1
9
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Example of Jy(52; q)

Therefore,

InG2a)= Y. {@EB))E)EN)]-
k1,ka2,ks
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JN( Tn; q)
Similarily, we can calculate Jy(Tp; g) using the following state.

0 0

ki-kn
N-kq+kn

a) nis even b) n is odd
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2. Optimistic limit of colored Jones
polynomial
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Formal substitution
Consider the following formal substitution of the colored Jones polynomial

N w2 N 2
~exp — 4 —Lis(ad®) + = 4 (§)r ~ exp — { Lio(g*) — —
(q)k ~ exp 27”.{ i2(q") + },(q)k exp 27”.{ i2(9°) — & }
kk' N k 4
q Nepr.{logq +logq }
27

and substitute gkm by w,,. In the case of Jy(52; q),
(a),(b),(f) ~ 1,
N 1 w3
~ exp — 4 Lio(—) — Lip(-2
(© ~ ey i) - L") |

w3

(d) ~ expzﬁi{Liz(Zz)—Liz(Wz)—Lb( )

wiw2

2

. W . T
+L12(i) — L12(W1) + — — Iog wy Iog WZ} s

w1 6

(e) ~ exp%{—Liz(Wz)—{—Liz(Wg,).}
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Formal substitution

Therefore,
log Jy(5o: 1 2
27Tiw NLiQ(*) — Li2(W1) — 2L12(W2) — Iog w1 Iog wo + l
N wq 6
. . w3 . w3
L Li(—) - L i
+ 12(W3)—|— 12(W2) 12(W1W2)
Likewise, we define a function W(T,; wi, wa, ..., wpi1) by
log Jn(Th;
ZTrIOgNIE/"q) ~ W(Tywi,wa,. .., Wni1).
Then we can obtain
| . Wn
W(T,) = le(Wl) — le(Wl)

n—2 2
. ) T
+ E <—L12(Wm) — Lip(Wm41) — log wi, log wimt1 + 3
m=1

Whn

W w
+Lip(=) 4 Lio(—="—) — Lia

'm Wm+1 WmWm+1

)> — Lia(wp—1) + LiZ(Wn)} .
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Optimistic limit

The optimistic limit 27/ %-lim% is defined as follows.
—00

Choose some solution (w1, wa, ..., Wy_1, w,) of the set of equations

{exp (Wma—W) :l‘m:1,2,...,n}.
OWp,

(We choose w,, = 0 here.) Then, the result of evaluating it to

n—1
ow
W(Tn wi,wa, ..., wy_1,0) — E Wm—— | log wp,
OWpm
m=1
is called the optimistic limit.
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|deal triangulation
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|deal triangulation

o0
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|deal triangulation
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|deal triangulation
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|deal triangulation
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|deal triangulation

7

&

A\
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|deal triangulation

©1O
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|deal triangulation
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|deal triangulation
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|deal triangulation
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|deal triangulation

\‘\ug

. F:r2 . Jf
B a1 fl( \ 7 1
i / o'

\,/ D

(Note that 71 = a».)
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Parametrization
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Hyperbolicity equations

The set of the hyperbolicity equations of this triangulation is

%) . w1 .
{(1—W1)(1—W%) -t (1—w2)? _1}’

which coincides with

8W(52;w1,wz,0) B 8W(52;W1,W2,O) _
exp | wy =1,exp | ws =15.
owq Ows
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Hyperbolicity equations

In general, the set of the hyperbolicity equations of T,, becomes
{a

(1-wi)(1- )

Wm—1Wm+1

(1— wp)?

Wn—2
L
(1—Wn_1)2

which coincides with

{exp (WmaW(Tn;Wl’W2"”’W"1’0)> = 1‘m: 1,2,...,n—1}.

OWm,

= 1,

= 1, form=223,...,n—2,

On the other hands, the existence of the geometric solution, which gives
the hyperbolic structure of the knot complement with 0 < Im w,,, < 7 for
m=1,2,...,n—1, was already proved by Hoste and Shanahan(2001).
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Main theorem

Theorem (Cho and J. Murakami(2010))

Let (wy, wa, ..., w,_1) be the geometric solution of T,. Then

log In (Th; q)

2mi o-li
QL

n—1
= W(TH;W17W27"'7WI7—170)_ ( ow
m

= —i(vol(T,)+ics(T,)) (mod 772).
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3. Complex volume of T,
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Elements of extended Bloch group

(m=2,3,...,n—2. Note that v1 = ap_1.)
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Elements of extended Bloch group

L (1) (1) /\ /\
[wy ippiar] 31 3 _ .'-fn\ (W Pl 5]

(&%) .’:. )’1

—1 "Im 0
A"m—él
o1 POm_1-
ml Pl mw e P

\ /(l:
\_ Letm—1
=[w, 2 pn—l qn—i] ?"jn—l/\ a1 \s

()

== w2 Ppio:Adpa @

(2)
[Wn 1 pn—l'qn—l]
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Elements of extended Bloch group

log w1 + log d — log 71 form=1,
pfn)m —logwy + logvm —logd  for m=23,...,n—2,
log wp—1 +logd — logy,—1 for m=n—1,

log(1 — —) log 1 — log ay form=1,
log(1 — Wm) + log Bm + log d — log apy — log ym—1
qmm form=23,...,n—2,
log( Wnlfl) + logvp—1 + log Bn—1 — logap—1 — logyn—2
form=n-—1,
log(1 — wp) + log Bm + log Ym+1 — log am — log §
pm7rl form=1,2,...,n—2,
{Iog Wp—1 + log é — logyp—1 form=n—1,
log wp, + log § — log vm form=1,2,...,n—2,
gedmi = { log(1 — -1=) + log an_1 + log yn—1 — log & — log 3,1
{ form=n—-1.
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Complex volume

Evaluating > [w; p, q] to
L{w; p, q] = Lio(w) + § log wlog(1 — w) + % (qlog w + plog(1 — w)) — %,
we obtain

i(vol(Ty) +ies(Tp)) = L (Z[W? P: "])

= —W(Ty wi,wa,...,wp_1,0)

n—1
+ Z (ngTM;> log Wy, (mod 72).
m=1
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4. Application to Yokota theory
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Yokota theory

Yokota defined some triangulation of T, and some function
V(z1,22,...,2,—1) from the formal substitution of Kashaev's invariant by

n—1 2
74 —L12 1 +Z{_L12(2k 1)+L12( )—Lig(z];()}—Liz(Zn_l).

k=2 Zk
Let (z1, z2,...,2Zn—1) be the geometric solution corresponding to Yokota
triangulation. Then the following holds.

1 ! 1—wp1 Wm—-1
=({1-— y Im—1= —— 5 Zm = >

wy Wm 1—wp

_ 1 1
SRR R -

Zk Wm—-1 Wm

and
i(vol(Tp) +ics(Tp)) = V(Tpz, 22,5 Zn—1)
n—1
Vv
- mzjl (ngzm> log z,, (mod 72).
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Application to Yokota theory
On the other hands, we know the well-known dilogarithm identity

Zm—
Li, ( : 1> = Li, (mel) + Lis (Z,;l)

m
—Li2(1 — Wmfl) — Liz(l — Wm) — Iog Wm—-1 Iog Wm.

Also we can find that, for the geometric solution (w1, wa, ..., wp_1),
. owyN [0 for k =1,
Tow,,) | 2mi fork=2,3,...,n—1,

using some edge relations. From these facts, we obtain

n—1
ow
—W(Th wi,wa, ..., wh_1,0) + (Wmaw) log wp,

m=1 m
=V(z1,22,...,2p—-1) (mod 7r2).
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Application to Yokota theory

As a result, we obtain the following corollary.

Corollary
n—1
v
Z (zma—) log z», =0 (mod 72)
— iz
and
i(vol(Tp) + ics(Tp)) = V(T 21, 22, ..., Zn1) (mod 72).

Thank you very much for listening!
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