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Figure 1: a diagram of a knot K

The examples of the A-polynomials.

Az, =14 1m°, Ay = —m* +1(m® —m® —2m* —m? + 1) — Pm*.



Figure 2:

The hyperbolicity equations about meridian are

N 1—1/d4 . 1_1/d6 N (1—a3)(1—1/c2)
T al—ds) | @ 1-1/b

(1—1/a4)(1 —c3) 1—1/ds

(1—dg)(1—1/b3) as(1—ds)’

and about longitude is

a7c3d4d5d6a6a5a402 1— 1/02 1 6
[ = . - —-m’.

a3a4a5a6a703d4d5d6 1-— ay Co

The product of the moduli around each edge should be 1, so

1= a3b363 = CL4C4d4 = a5c5d5 = a6c6d6

and

1 = cybsay = c4a5 = csa6 = csar
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Figure 3:

From (1) and (2) we can put

ca = am,a3 = a/m,by =b/a,c3 = m/b,ay = 1/bm,cy = cm,dy = b/c,
as = 1/cm,cs = dm,ds = c¢/d, a6 = 1/dm,cs = em,dg = d/e,a; = 1/em.



Figure 4: the triangulation of ON(K)



Figure 5: the triangulation of the annulus A

Figure 6:



Then we have the hyperbolicity equations for K.

s bm(l—c/b)
m° = 1 —c/d =dm(1l —e/d)
_ (1 —a/m)(1—1/am) _ (1 —bm)(1 —m/b) _ em(1 —d/c)
1—a/b (1-0b/c)(1 —a/b) 1—d/e ’
and
_ m"’(1—1/am)
~ a(l—1/bm)

By eliminating the valiables except [, m we have the A-polynomial of K.

Ag(l,m) = m™ + (—=5m® + 9m® + Tm® — 3m5 — m™ + 2m™ — M)}
+(10m* — 32m*® — m5? 4 56m> + 17m% — 28m>® — m80 + 14m®?
— 4m®* — 8m% + Tm® — 2m 01
+(—10m* + 42m3® — 24m*® — 87Tm*2 + 29m** + 143m* + 33m*®
— 7Tm® — 17m> + 29m>* — 2m5® + m® — 8m® 4 5mS? — m&)3
+(5m?* — 24m® + 26m?® 4 36m3° — 43m32 — 108m3* + 47m36 + 192m3®
+ 47m* — 108m*? — 43m* + 36m* + 26m*® — 24m5 + 5M?) 14
+(—m!? 4 5m!* — 8m!® + m!® — 2m? 4 29m? — 17Tm>* — TTM*
+ 33m? + 143m* 4 29m3 — 87Tm3* — 24m*® 4 42m3® — 10m*0)1°
+(—2m® + Tm® — 8m!% — 4m!? + 14m!* — m!0 — 28m!8 4 17m?
+ 56m?2 — m?* — 32m?® 4 10m?)1°
+(=142m? — m* — 3m!® 4+ Tm!? 4+ Im!* — 5MI%) 1" + m*®
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Figure 8: K,, and L

Ak, (l,m) = 1+Im™°, Ak, (Im™*, m) = 1+Im®, Ag,(Im™8,m) = (1+im")(1-Im7),
A, (Im™ 2 m) = 14 (—m* + 2m® — m®)l + (—2m!2 — m*) 12 + (m** + 2m?®)1*

+(m30 _ 2m32 + m34)l5 _ m38l6,

The hyperbolicity equations are

(1—1/ds)(1—1/by) _ (1—1/b)(1—1/dy)
(1 —c3)(1 —ay) (L —c)(1 —a7)

=1,



Figure 9:

Figure 10:



Figure 11:

Figure 12:
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1—-0,7_1—1/d7_
l—c3 1—1/dy

¢

(1—1/bg)(1—c5) (1—1/bs)(1 —cs)

(T—ag)(1—1/b) (1—as)(1—1/by) "

s = ng3(1 — ]./dg)(l — 1/(1,7)
(1 —c3)(1—dr)

= (cads)?

cedrcads

| =
c3bscabscgbscs - m

The product of the moduli around each edge should be 1, so

1= CL4b4C4 = a5b5c5 = a666c6 (3)

and

1 = dsa4ced; = c3bsbsbgay = C4Q5 = Cy5Qg. (4)

From (3) and (4) we can put
cs =a/z,ds =y/a,as = a/m,by = b/a,cy = m/b,a5 = b/m,bs = ¢/b,c5s = m/c,

ag =c/m,bg = d/c,c6 = m/d,a; = z/d,d; = d/y.

Then we have
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(1—-a/y)1—a/b) (1—c/d)(1-y/d)

(1—a/z)(1—a/m) - (1 —m/d)(1 — z/d) =1,

(1—=b/c)A=m/b) (1—-c/d)1—-m/c) ,

1
(1—b/m)(I1—a/b) (1—c/m)(1—bjc)
l—z/d 1-y/d
l—a/z 1-—a/y

=t2, Im® = —bc, s = y/x.

By eliminating the variables except [,m,s and ¢t we have following two
equations.

Pl — (_1 _ m4 _ 3lm10 + lm12 _ l2m12 + 3l2m14 4 l3m20 + l3m24)
+(m? —Im® + 2Im® — 21*m™® + PPm!8 — Bm?)(s71 + 5)
—|—(lm8 . lmlO + l2m14 _ l2m16) (8_2 + 82) =0

Py = (m!? — 22mM + 2mi)(1 4 £267) |
+(2Im® — 2im® — 2B3m™® + 23m*?)(1 + t25%)s
+(1 = Im® + Im2® + Pm!2 — 42mM + 2m'® 4 Brm!® — Bm2 4+ Pm?®)(1 + 25%)s
H(—m? + ImS — Im® + Pm'? + Pm!S — Bm® 4 Bm? — *m?)(1 + 25)s3
+(—lm8 —92m4 _ l3m20)(1 + t28_1)34 = 0.

From these two equations and

we obtain the recursive formula of the A-polynomial of K,,.

Theorem 1 Put

—2(ImB)3*(1 — m2)"(1 + ImS)3+n (n > 3),
B, =
_(lmS)—(2+n)(1 _ mz)—(1+n)(1 + lm6)2-n (n < 0)
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and define C,, recursively by
o’Cp, — ary Cpoy — (202 + 20y — B%)Croz — ayCrz + @2Cp_y = 0,
where
a=1m¥(1 —m?)(1+Im®), B =m? —Im® + 2Im® — 212m16 4 12m!8 — 322
v=—1—m*—2lm® — Im!® + Im!? — >’m!? + >m!* 4 212m16 + Pm? + 3m24,
with the initial conditions

ImS{ A, (I, m) )2 m4(1 — Im®){ Ag, (Im~4, m))?2

= gm0 T T Aot
o~ A mtmP Ak (m2m)
2 1—-m22 7 Pmi(l—m2)

Then, Ak, (Im=*",m) is a factor of B,C, € Z[l,m] for n >3 and n < 0.

Remark In fact, when n =1 mod 3, B,C,, contains the factor 1 — Im8
but it is not a factor of the A-polynomial of K,,.
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