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Jones Polynomial
» Jones polynomial (1984) <+ Uqy(sl2)

t~! Vi (t) —t VK+(I') = (t1/2 — t—1/2> Vi,

K+:|\;\/“, K_:(\’z, KO:QQ Kool 21

Cf. Alexander polynomial

Vi (2)=Vk (2) = 2V k(2)

» HOMFLY-PT polynomial (1987) < Uy(sln)
a~! Px (t) — a Pk, (1) = (12 — t71/2) Py,
> Kauffman polynomial (1987) <— Uq(son), Ug(Sp2an)

a™ Fii_(t) — a Fii, (1) = (72 = t72) (Fiiol — Fixeol)
4/2
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Kashaev's conjecture
Let L be a knot and Kn(L) be the quantum invariant
introduced by Kashaev. Then

2
lim 27 log |[Kn(L)| = Vol(S3\ L).
N—oo N

k

N—1
f) Kn(4) = ) @kl (@k=]]0—-d)
44 : = Jj=1
@ = — 2.02988321...

N—-00

. g~ k+1)/2 (0)2
5 . ( ﬁ Kn(52) = Z —
2! L/: <L

— 2.82812208...

N—00
. q(m—k—L)(m—k+1)/2 |(q)m|2
61 : @ Kn(61) = 2 @@y
k+L<m
D —  3.16396322...
o0

Kn(L) is equal to the colored Jones inv. V/Y(q) for N-dim.
rep. of Uy(slz) at g = exp 2m/—1/N. (H. Murakami-J.M.)6/22
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Generalizations of Kashaev's Conjecture

sy = exp(m/—=1/N), an = sy.

Volume Conjecture. (H. Murakami-J.M.)
L : a knot

. 2T N . 3
Lim == log [V{'(aw)| = Voler(S*\ L),
where Volg, is Gromov's simplicial volume.

Complesified Volume Conjecture
(H.Murakami-J.M.-M.Okamoto-T . T akata-Y.Yokota)

L . hyperbolic knot

2
Lim er Log VN(an) = Vol(S3\ L) +1/—1 CS(S3\ L).

7/22




Quantum Invariants Volume Conjecture Quantum 6j symbol

Proof for the figure-eight knot (Eknotm)
K : figure-eight knot, sy = exp(m~/—1/N), an = sp.

N—1 J
Vs = ) ﬁ(s,\/\,'_k sy T T = sy = Z ﬂ4sm S
j=0 k=1

—0 k=1

Let a; = HJk:l 4 sin? "—,\f and aj,., be the max. term of a;.

H N
Slnce ajmax S VK (SN) S N a.jmax'
Lim 27109 djmax Lim 27 log V! (sn) < Uim 2m Log(N ajmax) Lim 27 L0g(@jmax )
N—00 N - N—oo N - N—oo N N—00 N

a;j is decreasing for small j's, increasing for middle j's and
then decreasing for Large j's. It takes the maximal at

Jj =28 Since agp = 1, an—1 = N2, a; is maximum at j = 2.
Therefore
Lim 27 Log(@j,.) Lirn 4m 25'\’/6 Log(2sin 7rk/N)
N—00 N T Nooo N
/ Log(2 sinx) dx = —4 A <57r> — 2.02988321...
6 8/22
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Volume potential function

» Dilogarithm function
Analytic continuation of

. . x Llog(1—u) . x?  x3
Lio(x) = — TdU—X‘F?‘l—?—F"' (0<x<1).
0

It is a multi-valued function and its branches are

lia(z) = Lix(2)+2kmy/—1 log z+4 L 72 (k,L €7)

» Volume potential function U(xi, x2,...)

The function obtained by replacing (g)« in
Uq(slo)-invariant by Lio(x) (x = gf).

» Saddle points of the volume potential function
Points satisfying a_u =0(i=1,2,...).
oX;

These equations corlrespond to the glueing equation of
the tetrahedral decomposition (Yokota). 0/22
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Hyperbolic volume from the saddle point

K : hyperbolic knot,
U : Volume potential function of V/Y(gn) (colored Jones)

» Hyperbolic volume

o
For some xl(o), XQ(O), ... satisfying exp (8_U> =1,
i
© (0 ou ©)
) = — L .
U X0 Z’: 5 09 X;

1

is the hyperbolic volume of the complement of K
(Yokota, J. Cho).

» Optimistic calculation (H.Murakami, arXiv:math/0005289)
M . 3-manifoldO T/\/(M) © Witten- Reshetikhin-T uraev invariant
Check that 7ny(M) — hyperoblic volume of M for M
obtained by surgery along the figure-eight knot.

» Optimistic conjecture
Uy (slz) inariant — hyperbolic volume 10/22
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2
adn — dpn
Attention!
» The Uq(slz)-invariant grows exponentially onlLy
for Kashaev’'s invariant and its deformation.

» For other Uy(sly)-invariants, they does not grow
exponentially.

Renovation by Q. Chen-T. Yang arXiv:1503.02547

» Replace gy = exp(2m/—1/N) by q3.

» Various Uq(slz)-invariants grow exponentially and
the growth rates are given by the hyperbolic
volume of the corresponding geometric objects.

Including:
WRT invariant, Turaev-Viro inv. for 3-mfds,

Kirillov-Reshetikhin invariant for knotted graphs
11/22
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Quantum 65 symbol

The quantum 6j symbol is introduced to express

Vm < i j L Vim —
VL®VKA<—> | =Z{m p n} \/,-®vn‘<—> |
Vi®V,® Vi - a Vi® V, ® Vi

for representations of Uy (slz) by Kirillov-Reshetikhin.
{k} ={a"?=a "7}, {Kk¥={k}{k—1}... {1},
{c+1} {atgtae 4
{1}y {1}{—C1+262+63 }!{61—622+63}!{C1+622—63 }!’
i C GCs Gt & GCs
{Cl Co C5}RW= {C4 = C6}q _ <C4 c3 C6>

Ca @3 G, Wi(cs) Wilcs)  /Wa(1,2,5) Wa(L,3,6) Wa(2,4,6) Wa(3,4,5)

Wi(e) = Wh(f) =

<C1 C C5> _ Z (=) {k+ 1}
Ca C3 Co {1} {Al - k}! {A3 - K}! {K - Bl}! {k - B4}!Y
k=max(Bi,":+,Bs)
where 2Ai=ca+c+c+c, 2Br=ca+ c+cs,
2A=c1+c+C+ G, 2Bx=c1+ 3+ Gs,
2A3=C + 3+ C+C, 2B3=C+ cs+ Gs,

2B4 = C3+ C4 + Cs.
Here we assume ci, ---, Cs are admissible, i.e. A;j, Bj, Aj — Bj € Z>g. 13/22
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Turaev-Viro invariant
State sum on a tetrahedral decomposition
Let sy = exp(™/=1), [K] = % (Kl = [K][k — 1] - - [1],
Iv=4{0,1,..., N —2}.

» Turaev-Viro invariant

Let M be a closed 3-manifold and Let A be a
tetrahedral decomposition of M. Let T, F, E be the
set of tetrahedrons, faces, edges of A. Then

TVN(M) = Z [T wWate) [T Wa(F)™t [T Wa(t).
@0 E— Iy €eEE fer teT
admissible

TV — potential fun. — saddle pt. — hyp. volume

» Quantum 6 symbol
quantum 6j N potential saddle hyperbolic volume
symbol function point of tetrahedron

(J. M.-M. Yano)

14/22
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Chen-Yang's invariant and ¢ — g2
Let sy = exp(m/—1/N) and gn = s3.
» Chen-Yang’s invariant

Extend TV-invariant for 3-manifolds with boundary by
using ideal tetrahedrons and truncated tetrahedrons.

Conjecture (Q.Chen-T.Yang, arXiv:1503.02547)

Let M be a 3-manifoldO N be a positive odd integer,
CYn(M) be Chen-Yang's invariant, 7y(M) be the WRT
invariant, and TVy(M) be the Turaev-Viro invariant of M.
Then we have

1. lim 27 Log (CYN(M)ISN_,Si> = Vol(M) 4+ \/—1 CS(M)

N—00

=[5

N—00

2. Llim 47 log <TN(M)|SN%.§> — Vol(M) + /—1 CS(M)

3. lim 27 log (TVN(M)ISN_>512V> = Vol(M),

N—00
since 2. and the fact that TVn(M) = |[Tn(M) 2.

15/22
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Volume conjecture for the quantum 6, symbol

Conjecture
T : hyperbolic tetrahedron with dihedral angles 61, ..., 66,
N : positive odd integer,
afN) . admissible sequences with Lim QW” afN) =m—0,
N—00
(1<i<6)
Then
vy ) _(n) RW
2T a a a
Lim — Llog ? 2 2 = Vol(T).
N—oo N {aiN) aéN) aéN) @ (7
N

Theorem

The above conjecture is true if all the vertices are
truncated, i.e. the sum of the three dihedral angles sharing
a vertex is Less than .

16/22




Quantum Invariants Volume Conjecture Quantum 6j symbol
! !

Proof
Use the same idea for the proof for figure-eight knot. If the
terms of the sum are all positive, then only the maximum
term contributes to the Limit.

Recall
G & G
{cl & c5}RW_ Cs C3 Co
Ca G G, Wa(cr,c2,¢5) Wa(ct,ca,c6) Wa(ca,ca,c6) Wa(cs,ca,cs) |

{ C1+622+C3 + 1}|

Wa(f) = {1}{—C1+2CQ+C3 11{ 61—622+63 11 C1+c22—63 }!’
(A1,...,A3)
(cl ¢ s _mm i: ’ (=) {k+ 1}
ca 3 G) T {1}{A1 — k} ... {A3 — Kk} {k — B1} ... {k — Bs}!'
k=max(B1, - ,Ba)

2A1=ca+c+c+a, 2B
2A=c +c+cs+c, 2B
2A3=C+C+C+ G, 2B3

2 Bg

1+ ¢+ cs,
¢+ ¢c3 + Ge,
Co + Ca + Gs,
C3 + C4 + Cs.

a(/\/) a(/\/) a(/\/)
Now apply the above idea to %,\,) %,\,) |-
a,’ as’  ag

17/22
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Proof (sign)
(N) (N) (N) min(A1,...,A3)
(G0 % )= Y a

k=max(B1,,Ba)

where
o — (=D {k + 1}
{13 {A1 — Kk} ... {As = Kk} {k = B1}! ... {k — Ba}V’
SR () + RO NIONNINCO NS o + RONIRY
A, — % RO ?N) Lo g, — % Q) + 2
> Ay — % ?N) A 4 a0 g = % ? RO

5By — ?N) ?N) N a?N)

Recall that

. . . N
_ 7r\/ o L2 T Im{./}>0 |f0<_/<§,
SN = exp —5— —s _2 —1sin =—, ) ) i
- Uk N {Im{J}<0 if ¥ <j <N
Since limy—oo 2% a™ = m — 6; and 61 + 62 + 65 <, -- -, we have

Bi > N/2, Aj < N and the terms of the denominator of a are all positive.
Hence the range of k is contained in N/2 < k < N and

S]gn L:llji»ll = (_1)(N+1)/2

18/22
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Proof (ax...)

a(N) (N) (N) min(A1,..., A3z)
( R fN) ?N)) 5 o

k=max(B1,,Ba)

where
o — (=D*{k+1}!
KT 1T {A — Kk} .. {As — kI {k— B} ... {k — Bs}!'
V2 - oim Im{}>0 ifo<j<y
Ur = s/ —sy™ = 2v/—1sin 37, {Im{j}<0 ifg<j<2/v.

The terms of the denominator of o are all positive. Hence
the range of k is contained in N/2 < k < N and

sign {1<-|—1k}+!1 — (_1)(N+1)/2, sigh ax = (_1)(N+1)/2_

V-1
Therefore
|akmax| S Zak S N |akrna><|V
k
(N) (V) (N)

2T a a 2T
lim =— Lo 1 2 = lim =— log|a :
Lim = log <ag/\/) R (N))‘ Am 9 | Ok | -
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Proof (Kmax)

a(N) (N) (N) min(A1,..., A3z)
R fN) ?N) 5 o
k=max(B1,--,Ba4)
where

o (~1) {k + 1}
K_{1}{A1—k}!...{Ag—k}!{k—Bl}!...{k—B4}!'
V2 - oim Im{}>0 ifo<j<y
Ut =sy — sy = 2/=1sin 2T, {Im{j}<0 if%<j<2/v.
The ratio
ak+1 . fk+2]{A — Kk} ... {As — Kk}

ak {k+1—-—8B1}...{k+1— B4}
is positive and bigger than 1 if k is small and Lless than 1 if
k is big, and is monotonically decreasing between
max(Bi, Bz, B3, Ba) and min(A1, Az, As). Hence ax has a
maximum value at kmax which satisfies oj;’;—jn“ = 1 and so

_{kmax + 2} {Al - kmax} e {A3 - kmax} — 1
{kmax +1-— Bl} S {kmax +1-— 84} T 20/22
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Proof (hyperbolic volume)
Now consider about

RW
Lim 2_7r Log agN) a%N) a%N)
N—oo N a N) a3N) a6N)

4 qﬁ
where 1 G Cs
C1 Co Cs Rw _ <C4 C3 C6>
{C4 C3 CG}qi T/ Walcr,ea,cs) Wa(cr,c3,c6) Wa(c2,ca,c6) Wa(cs, ca,cs)

{C1+622+C3 + 1}!
—ci1t+c+c c1—c+c C1+Co—cC: )
{1} {—===2 {4 {=4=—=}
By using sectional mensuration, we have

Wa(F) =

Kk
) 2 ) 2T . 27rj|
—_ I| = —_— | =
NLl_>m0o N Log [{k}!| NL|_>moo N Z:ltog‘Qsm N
J:

X
/ [2sin t| dt = A(x) = Im Lix(e2V ~1%),
0

where x = % So, replace {k}! by Lip, then we get the
volume formula for a truncated tetrahedron given by
A. Ushijima, A volume formula for generalised hyperbolic tetrahedra.

Non-Euclidean geometries, 249—265, Math. ApplL. (N. Y.), 581, Springer,
New York, 2006. 21/22
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A generalizations

» Compact tetrahedron
There are some oscillating terms in ayk, but they seems
to be small and negligible.

22/22
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A generalizations

» Compact tetrahedron

There are some oscillating terms in ay, but they seems
to be small and negligible.

PG IR N
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g. RN
R K
£ SN
r Y
2 li’ ° A
i B
o )
4 i
/ L
10 1
7
64
o y, ‘ L amk
e TR 2 3 4 N ot
% e, e o 0 o o N
A RV RW
o P o k... o k...
’-101L°g'{k...}, omi| 301Log}{k___}7 omi 1001L°g}{k”_} omi
s=exp 2 s=exp 557 S=EXP 1601
- - -1 Vol(Tir—qal)
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